In order to assess the role of ghosts in cosmology, we study the evolution of linear cosmological perturbations during inflation when a Weyl term is added to the action. Our main result is that vector perturbations can no longer be ignored and that scalar modes diverge in the newtonian gauge but remain bounded in the comoving slicing.
INTRODUCTION
Consider the action
where g is the determinant of the metric g µν , R is the scalar curvature and C µνρσ is the Weyl tensor.
1
The two first terms describe Einstein's gravity minimally coupled to a scalar field φ with potential V (φ) (and can also be seen as the Einstein frame formulation of f (R) theories of gravity, see [1] ). The last term was first introduced by Weyl [2] (see [3] for a review of the early literature) and has ever since been present on the market of gravity theories, either, in recent decades, as a quantum correction popping up from various theories of quantum gravity (starting with [4] ) or, more recently, as a phenomenological modification of Einstein's General Relativity to account for e.g. dark matter or energy, see e.g. [5] .
Extremisation of (1.1) with respect to the metric yields the equations of motion:
where G µν is the Einstein tensor and B µν is the Bach tensor [6] . The divergence of the left-hand-side being identically zero (generalized Bianchi identity), the Klein-Gordon equation for the scalar field is redundant. The structure of this action and equations of motion has been thoroughly studied, in particular their hamiltonian formulation, see [7] , as well as some of their solutions, for example those of Bianchi type I, see [8] . Equations (1.2) are fourth order differential equations for the metric components. They therefore possess extra, "run-away", solutions compared to the Einstein, γ = 0, ones, which can drastically modify the predictions, even in the small γ limit.
Indeed, as shown in [9] , the theory possesses ghosts when linearised around Minkowski spacetime, that is, the hamiltonian contains negative kinetic terms and, as a consequence, the energy spectrum of the metric perturbations is not bounded from below (just as in the toy model with lagrangian ( φ) 2 studied earlier by Pais and Uhlenbeck, [10] ). In fact most "higher derivative theories", that is, yielding equations of motion of differential order higher than two, are thought to possess ghosts (to the notable exception of f (R) theories of gravity, see [1] ).
Although the presence of these ghost degrees of freedom is harmless at linear level around Minkowski spacetime on which all modes propagate independently of each other (see e.g. [11] ), there are strong arguments to predict that they yield a catastrophic collapse of any system when coupled to other fields, their energy running down to minus infinity in a finite time (see e.g. [10, 12] ). However, since the introduction of coupling implies that the equations of motion become non-linear, this catastrophic behaviour has been explicitly exhibited on toy models only, see e.g. [13] . By the same token, most proposals to tame ghosts have been also illustrated by toy models only, see e.g. [14, 15] . Showing 1 Units: κ = 8π G, c = 1; γ has dimension length 2 . κ has dimension length/mass. Conventions: (− + ++); R µ νρσ = ∂ρΓ
(gµρgνσ − gµσgνρ). Greek indices run from 0 to 3; latin indices run from 1 to 3.
explicitly how the ghosts present in the particular theory of gravity described by (1.1-1.2) may render it unviable when self-coupling or coupling to external fields is introduced, has not been done so far. Now it may happen that the malignancy of ghosts shows up already at linear level, if the background is richer than Minkowski spacetime. However little has been done in this direction. In [16] the Hawking-Hertog proposal [14] was used to tame the tensor ghosts on a de Sitter background. In [17] the equations of motion for the scalar perturbations on a Friedmann-Lemaître background were spelt out but not thoroughly analysed.
In this paper, we aim at assessing the role of the Weyl term on the evolution of linear cosmological perturbations when the Friedmann-Lemaître background is that of single-field inflation. After having obtained the equations of motion for the perturbations, as well as the action from which they derive, we analyse the evolution of the modes. We see that tensor modes are not drastically modified by the presence of ghosts. Vector modes (which have been so far ignored in the literature) are no longer absent as in Einstein's theory but do propagate when the Weyl term is present. Finally we give a master equation for the evolution of all scalar modes and find that their evolution is highly gauge dependent: they are unstable in the newtonian gauge but decay in the comoving slicing. We conclude on what should be done next.
II. COSMOLOGICAL BACKGROUND
When the metric is that of a conformally flat Friedmann-Lemaître spacetime,
, the Weyl term does not contribute and the equations of motion (1.2) for the scale factor a(η) and the background inflaton φ = ϕ(η) are:
where a prime denotes differentiation with respect to conformal time η and where H ≡ a ′ /a. The Klein-Gordon equation which entails,
where
2n these equations are those of chaotic inflation [18] and a detailed analysis of their solutions can be found in e.g. [19] . In a nutshell: after a transitory period the scale factor increases quasi-exponentially in cosmic time t = η a dη, while the scalar field slowly decreases. At the end of inflation the scalar field oscillates and settles at the bottom of its potential well while the scale factor increases in average as some power of t (t 2/3 if V (φ) ∝ φ 2 ).
III. EQUATIONS OF MOTION
Consider the perturbed metric
and perform the scalar-vector-tensor decomposition [20] 
with
In an infinitesimal coordinate transformation the following six quantities
are invariant [20] . As for the perturbation δφ of the scalar field it is such that
is gauge invariant. We choose to work in the coordinate system B = E = 0,Ē i = 0 ("newtonian" or "longitudinal" gauge [19] , hence the subscript n appended to the gauge invariant scalar perturbations), so that the perturbed metric and scalar field reduce to
The necessary ingredients to expand the equations of motion (1.2) at linear order in the perturbations are given in Appendix A. The result is:
and
where W ≡ Ψ n − Φ n , ≡ η µν ∂ µν and △ ≡ δ ij ∂ ij . These are seven equations for seven unknown quantities, two, Eq. (3.6), for the two components of the tensor perturbationsh ij , two, Eq. (3.7), for the two components of the vector perturbationsΨ i and three, Eq. (3.8), for the two scalar perturbations of the metric, Φ n and Ψ n , and the perturbation χ n of the scalar field. The first Eq. (3.8) is the (00)-component of the scalar part of the field equations, the second is their (0i)-components, the third is the (ij)-components (i = j) of their spatial part.
2 Equation (3.6) for the tensor perturbations are given in [16] . Equation (3.7) for the vector perturbations seem to have been ignored so far. Equation (3.8) for the scalar perturbations can be found in [17] .
IV. THE ACTION
The expansion of the Einstein part (γ = 0) of the action (1.1) at quadratic order in the perturbations on a Friedmann-Lemaître background was first obtained in newtonian gauge in [21] . The expansion of the Weyl part is easy (see Appendix A). The result is (all spatial indices being raised with δ ij ):
with, see e.g. [19, 22] :
Extremisation of S (T) with respect to the tensor perturbationsh ij readily yields the equations of motion (3.6). Similarly the extremisation of S (V) with respect to the vector perturbationsΨ i yields the equations of motion (3.7). As far as we are aware the fact that the extremisation of S (S) with respect to the scalar perturbations Φ n , χ n and Ψ n also yields back the equations of motion (3.8) does not appear in the literature, even in the case of standard inflation when γ = 0. This is however the case, as we show it in some detail in Appendix B.
This shows that one can completely fix the coordinate system from start (instead of keeping the ten metric perturbations plus δφ), obtain the action at quadratic order in terms of seven perturbations only, and still recover the seven equations of motion after extremisation, at least when working in the newtonian gauge. Doing so, we do not loose any algebraic constraints (or lower derivative equations if γ = 0). There is therefore no need at linear level to keep the coordinate system unspecified (that is, keep the lapse and shift as free Lagrange multipliers) as is necessary in any hamiltonian formulation of the full theory, and as is usually done in the theory of linear cosmological perturbations, see e.g. [19] or [22] .
V. EVOLUTION
We shall work in Fourier space, that is, we expand the seven perturbationsh ij (η,
and, to simplify notations, we shall omit the index k on the Fourier component f k (η). We recall how the Fourier components evolve in standard inflation when γ = 0 in Appendix C. When the Weyl term is present, that is when γ = 0, the structure of the equations of motion (3.6) (3.7) (3.8) changes drastically.
A. Vector perturbations
Let us start with Eq. (3.7) for the two vector perturbationsΨ i . It is no longer an algebraic constraint as in standard inflation when γ = 0. During inflation when spacetime can be harmlessly approximated by a de Sitter space with a = 1/(−H η), Eq. (3.7) reads, in Fourier space
with z = −k η. As forΨ i , it stands now for the Fourier componentΨ i, k (η). Since (5.1) is a second order differential equation, there are (for each k) two vector degrees of freedom, one for each polarisation i. The two independent solutions of (5.1) for each degree of freedom, that is its two modes, can be given in terms of Bessel (or Hankel)
ν (z) (σ = 1, 2). Now, γ must be positive otherwiseΨ i would behave as a tachyon on flat spacetime, see Eq. (3.7). We also have that
if inflation occurs at GUT scale and if the Weyl-correction is due to a low -energy approximation of some quantum gravity theory. The evolution of the two modes of each degree of freedom can thus be easily deduced from (5.1): at the beginning of inflation, when γ
Planck (k/a) 2 ≪ 1 to remain below the transplanckian regime), the two modes oscillate with a constant amplitude as in M 4 . When the "effective mass" term 1/(γ H 2 z 2 ) becomes dominant the degree of freedom does not tend to a constant (as all degrees of freedom do in standard inflation, see Fig. 4 in Appendix C); on the contrary both modes oscillate more and more rapidly as z → 0, albeit with a decreasing amplitude:
See Fig. 1 .
Here it may be worthwhile to note that if one considers the case γ H 2 ≫ 1, the asymptotic behaviour of the vector modes becomeΨ i ∝ z 1/2±ν , where ν ≈ 1/2 − 1/(γ H 2 ) as z → 0. In the general case now, that is for generic a(η), equation (3.7) reads whose asymptotic zero-mode solutions are given in the WKB approximation bȳ
hence showing the generality of the result (5.2). In the newtonian gaugeΨ i identifies to the metric perturbationB i . In any other gauge we haveΨ
, where eitherB i orĒ i are chosen at will.
B.
Tensor perturbations
Let us now turn to the Eq. (3.6) for the two tensor perturbationsh ij . It is a fourth order differential equation which hence describes no longer two, as in standard inflation, but four degrees of freedom (just like in flat spacetime, see [9, 24] ). During inflation when spacetime can be described by a de Sitter space with a = 1/(−H η), the exact solution of Eq. (3.6) is known [16] . It can be written, in Fourier space, as
Hence the two "Einstein" degrees of freedomh (E) ij ∝ e ±iz (1 ∓ iz), which are the same as in standard inflation, first oscillate, decreasing as z, and then tend to constants when z ≪ 1, see Fig. 4 of Appendix C. As for the two Weyl degrees of freedomμ (W) ij , they behave like the two vector degrees of freedom and always oscillate, see Eq. (5.1) and Fig. 1 . Hence the amplitude ofh
ij /a, first decreases as z, and then as z 3/2 as z → 0. Therefore the full Fourier component of the metric perturbationh ij first oscillates and, as inflation progresses, the standard Einstein modes eventually dominate, tending to a constant, see Fig. 2 .
In power-law inflation, a(t) ∝ t p with p > 1, where t is cosmic time, the equation of motion (3.6) does not split into two second order differential equations, one for the Einstein degree of freedom the other for the Weyl ghost, as when the background is de Sitter spacetime. Its solutions however behave similarly, see Fig. 2 .
More generally we find that the two Einstein zero-modes, solutions ofh As for two Weyl zero-modes they can be found using the WKB approximation so that, all in all, the four independent tensorial zero-modes behave ash
hence confirming that as inflation progresses a generic linear combination of the four modes will tend to a constant.
C. Scalar perturbations: a master equation and its solutions
The analysis of the three Eq. (3.8) for the scalar perturbations is slightly more involved. However it is easy to extract from them a master equation for W , which reads, in Fourier space:
where W = Ψ n − Φ n , where a dot means derivation with respect to cosmic time t = η a dη, where H ≡ȧ/a, and with
(5.8) (When γ = 0, we have that W = −2Φ n (see Eq. (3.8)) and Eq. (5.7) reduces as it must to the equation for Φ n in standard inflation given in Appendix C, Eq. (C4).) Equation (5.7) is fourth order and therefore describes two degrees of freedom, and not only one as in standard inflation (see Appendix C). Ideally one should try to decompose (5.7) into two second order differential equations for an "Einstein" and a "Weyl" degree of freedom (as was done in [16] for the tensorial perturbations on a de Sitter background, see above). We leave this to further work and content ourselves here with an analysis of the solutions of (5.7).
To have a grip of their behaviour we assume power-law inflation: a(t) ∝ t p with p > 1. Proceeding along the line that we followed to analyse the tensor modes we find that the standard inflationary zero-modes which solve Eq. modes they are found using the WKB approximation, so that the four independent zero modes of Eq. (5.7) have the following late time behaviour
(This is confirmed by an analysis of the leading behaviour of the solutions at the irregular singular point at infinity, as well as the exact zero mode solutions which can be written in terms of Bessel and hypergeometric functions.) These behaviours are in striking contrast to those of the tensor modes which are dominated by the constant, Einstein-mode. Here both Einstein modes are subdominant.
The evolution of a typical Fourier component of W is given in Fig. 3 . As one can see, not only does the Fourier component W never "freeze out" but its amplitude increases as inflation proceeds instead of tending to a constant as in standard inflation when γ = 0 (see Appendix C). Equation (5.7) and the behaviour (5.9) of its modes can be seen as the main result of this paper since, knowing W , we can predict the behaviour of all cosmological perturbations of the model.
D.
Evolution of the scalar perturbations in the newtonian gauge
Once W is known, Φ n and χ n follow from Eq. (3.8):
It follows from (5.9) and (5.10) that Ψ n increases as W and that Φ n and χ n behave as t p/2−1 e ±it/ √ γ . (The leading term in Φ n grows a priori like W but cancels out; as forφ χ n ∝ χ n /t it should also a priori grow like W but the two first leading orders cancel out.)
Since Φ n = C, Ψ n = A and χ n = δφ in the newtonian gauge, we therefore reach the conclusion that in that gauge all cosmological perturbations blow up in single field inflation with a Weyl term.
This result does not mean however that they blow up in all coordinate systems, as we see now.
E. Evolution of the scalar perturbations in the comoving slicing
All linear combinations of Φ n , Ψ n and χ n are gauge invariant and can be expressed in terms of W only. Moreover, using Eq. (3.3), they give the perturbations (A, B, C, E) of the metric and the perturbation δφ of the scalar field in any gauge. Therefore gauge invariant quantities can be built which identify to various perturbations in a given gauge.
An example a such a gauge invariant perturbation is the curvature perturbation [26] :
(introduced in standard inflation in various guise, see [19, 26, 27] and Appendix C). In the "comoving slicing" gauge, that is, in the coordinate system where δφ = 0, (5.12) R c (denoted by −ζ in [19] ) identifies with the metric perturbation C. From its definition (5.11) one expects a priori that R c should grow like Φ n , that is as t p/2−1 e ±it/ √ γ or perhaps at a slower rate if the first leading terms cancel out, but it happens that the cancellation is so drastic as to make R c not to grow (despite the fact that p can be as big as one wishes).
Indeed, R c , using (5.10), is a function of W up to W (3) . If we computeṘ c and use the master equation (5.7) to eliminate W (4) we find thatṘ
(When γ = 0 we recover the well-known result of standard inflation, see Appendix C.) The analytic analysis ofṘ c , as well as numerical plots show without any ambiguity that it goes to zero as t −3p/2 e ±it/ √ γ . We must therefore conclude that indeed all leading terms up to order t −3p/2 e ±it/ √ γ do cancel out when looking carefully at the asymptotic behaviour of R c from its definition. More precisely, knowing the asymptotic behaviour of the four independent solutions for W , see (5.9) we have thaṫ
Consider now the following gauge invariant perturbation:
which identifies to the metric perturbation A in comoving slicing. Again one expects a priori from its definition that A c will grow, like Ψ n that is like W if the leading orders do not cancel out. But, again, this not the case. Indeed A c depends, using (5.10), on W and its derivatives up to the fourth. Using the master equation (5.7) to eliminate W (4) we have that
We also have thatṘ
Knowing the asymptotic behaviour of W , see (5.9), we see that the growing modes solve the equation γ (Ẅ − HẆ ) + W = 0. Therefore the W mode which gives the asymptotic behaviour of A c is the subdominant mode W = 1. Hence A c decays to zero as t 2−2p , without oscillating (contrarily to R c ), as numerical plots confirm. We therefore have shown that the metric perturbations A and C, do not grow when evaluating them in the comoving slicing. This is in striking contrast to their behaviour in the newtonian gauge, where they blow up, as we have seen in the previous section.
A last check has to be done though, since in the comoving slicing the metric perturbation (B − E ′ ) is not zero. To find it one uses the expression for χ n in terms of δφ: χ n = δφ + ϕ ′ (B − E ′ ), see Eq. (3.4). In the comoving slicing δφ = 0. Therefore B − E ′ = χ n /ϕ ′ = χ n /(aφ). We know from the previous section the asymptotic behaviour of χ n :
γ . Therefore (B − E ′ ) also decays, as t −p/2 e ±it/ √ γ .
VI. CONCLUSIONS
In this paper, we have studied the role of the Weyl term on the evolution of linear cosmological perturbations when the Friedmann-Lemaître background is that of single field inflation.
We found that the two Weyl tensor degrees of freedom are tamed by the Einstein gravitational waves and thus do not spoil too much the evolution of the tensorial cosmological perturbations as given by the standard inflationary scenario, whether the background is approximated by a de Sitter spacetime as in [16] or in power-law inflation, see Fig. 2 . Vector modes on the other hand, which are absent in standard inflation, do propagate; these two pure-Weyl vector degrees of freedom never "freeze out", but their amplitude decreases as inflation proceeds, see Fig. 1 . Finally, the evolution of the scalar modes is drastically modified by the presence of the Weyl term: instead of one there are now two scalar degrees of freedom which, when working in the newtonian gauge, and contrarily to what happens in standard inflation, not only do not freeze out but their amplitude increases during inflation, see Fig. 3 . However there exists at least one coordinate system (the comoving slicing) where none of the perturbations grows.
We cannot therefore claim at this stage whether the five Weyl degrees of freedom, which are ghosts in Minkowski spacetime, screw up or not the evolution of linear cosmological perturbations in inflation, since their asymptotic behaviour depends crucially on the coordinate system used.
To complete our study, and arrive at a more definite conclusion, an hamiltonian analysis of the action (4.1-4.2) should be performed to isolate the Weyl degrees of freedom from the Einstein's ones. It is however clear from the form of the action that the vector perturbationsΨ i are two ghosts, since the sign of their kinetic term is positive; it is also clear that their quantisation will impose a normalisation of their Fourier modes in k −3/2 because of the presence of the extra spatial derivatives in the kinetic term in the action S (V) . As for the tensor perturbations they were analysed in [16] when the background is approximated by a de Sitter spacetime: the two Weyl degrees of freedomμ (W) ij are ghosts, and the normalisation of the Einstein modes is modified by their presence. It remains however to generalize this analysis to the case when the background is no longer de Sitter spacetime. Finally, the hamiltonian analysis of the action S (S) (4.1-4.2) for the scalar perturbations, in order to isolate the ghost degree of freedom, is more tricky and is left to further work, see [24] .
To complete our study the question of what happens at the end of inflation should also be addressed. As a first step this transitory period could be modelled by a sudden transition from the inflationary stage with a ∝ t p with p > 1 to the radiation era a ∝ t 1/2 . The junction conditions which give the perturbations after the transition in terms of their behaviour during inflation are well-known in Einstein's theory, see [29] . When the Weyl-term is present they have to be analysed anew since the equations of motion become fourth order. One expects however that the two tensorial Weyl ghosts will not change too much the standard picture since they are subdominant compared to Einstein's gravitational waves. The matching of the two ghost vector degrees of freedom, although decaying during inflation, may on the other hand be more tricky as they oscillate at very high frequency at the end of inflation. Finally a proper matching of the two scalar degrees of freedom requires first the hamiltonian analysis referred to above.
Last but not least a complete study of the role of Weyl's ghosts in inflation requires an analysis of observables, such as the CMB temperature fluctuations, which may be affected by their presence.
In any case we have already seen in this paper that the addition of the Weyl term to the action of Einstein's gravity coupled to a scalar field modifies drastically the evolution of perturbations in inflationary cosmological models and we gave some of the necessary tools to assess their influence in observational cosmology. 
-Tensor part:
Since the perturbed Friedmann-Lemaître metric is conformal to the perturbed Minkowski metric, and as can be checked explicitly, the components of C µ νρσ are the same for both metrics.
• Linearised Bach tensor on M 4 :
At linear order around M 4 the Bach tensor reduces to B µν = ∂ ρσ C µρνσ . Its components are: 
The linearised components of B µν on a Friedmann-Lemaître metric are the same, up to a factor 1/a 2 .
Weyl action at quadratic order
Using the expressions for the linearised Weyl tensor on M 4 given above and because of the conformal invariance of the Weyl action we have which, inserted into the first of Eq. (3.8), yield a master equation which can be written into various equivalent forms [19, 20, 25, 26] , e.g.:
